We present a hydrodynamic model of flocking that generalizes the familiar Toner-Tu equations to incorporate turning inertia of well polarized flocks. The continuum equations are derived by coarse graining the inertial spin model recently proposed by Cavagna et al. [1] . The interplay between orientational inertia and bend elasticity of the flock yields spin waves that mediate the propagation of turning information throughout the flock. When the inertia is large, we find a novel instability that signals the transition to complex spatio-temporal patterns of continuously turning and swirling flocks. PACS numbers: 87.18.Gh, 05.65.+b, 87.18.Hf The Vicsek model [2, 3] and related continuous-time variations [4] have been used to model flocking in a variety of systems, from birds [5] to cells [6] to in vitro cellular components [7] and synthetic swimmers [8] . These are examples of active systems, consisting of individually driven, dissipative units that exhibit coordinated motion (flocking) at large scales [9, 10] . In the Vicsek model the active units are described as point particles with overdamped dynamics carrying a velocity vector of fixed magnitude, hence "flying spins". Each spin tends to align with its neighbors, but makes errors, modeled as angular noise. Vicsek pointed out that, like magnetic spins in a material, "flying spins" exhibit a phase transition from a disordered state to a coherent moving flock as the noise is decreased or the number density is increased [3] . The existence of the transition has been put on firm grounds by a large number of numerical studies [11] . Concurrently to the original work by Vicsek, Toner and Tu proposed a continuum version of the model inspired by dynamical field theories of condensed matter systems [12, 13] . Over the past two decades both models have been applied broadly to describe self-organization and pattern formation in active systems.
We present a hydrodynamic model of flocking that generalizes the familiar Toner-Tu equations to incorporate turning inertia of well polarized flocks. The continuum equations are derived by coarse graining the inertial spin model recently proposed by Cavagna et al. [1] . The interplay between orientational inertia and bend elasticity of the flock yields spin waves that mediate the propagation of turning information throughout the flock. When the inertia is large, we find a novel instability that signals the transition to complex spatio-temporal patterns of continuously turning and swirling flocks.
PACS numbers: 87. 18 .Gh, 05.65.+b, 47.54.-r, 87. 18 .Hf
The Vicsek model [2, 3] and related continuous-time variations [4] have been used to model flocking in a variety of systems, from birds [5] to cells [6] to in vitro cellular components [7] and synthetic swimmers [8] . These are examples of active systems, consisting of individually driven, dissipative units that exhibit coordinated motion (flocking) at large scales [9, 10] . In the Vicsek model the active units are described as point particles with overdamped dynamics carrying a velocity vector of fixed magnitude, hence "flying spins". Each spin tends to align with its neighbors, but makes errors, modeled as angular noise. Vicsek pointed out that, like magnetic spins in a material, "flying spins" exhibit a phase transition from a disordered state to a coherent moving flock as the noise is decreased or the number density is increased [3] . The existence of the transition has been put on firm grounds by a large number of numerical studies [11] . Concurrently to the original work by Vicsek, Toner and Tu proposed a continuum version of the model inspired by dynamical field theories of condensed matter systems [12, 13] . Over the past two decades both models have been applied broadly to describe self-organization and pattern formation in active systems.
Recent work has suggested that the description of the observed collective turning of coherent flocks requires a modification of the Vicsek model to include angular inertia in the dynamics. This allows propagation of angular correlations through the flock on large scales via spin-wave-like excitations [1] . Such an "inertial spin model" can account for the correlated turns of large polarized groups [14] . In this paper we present a derivation of the continuum equations for a collection of inertial flying spins that generalize the Toner-Tu model to account for turning inertia by incorporating the dynamics of the spin angular momentum of the flock. These equations, given in Eqs. (8) (9) (10) below, are the first important result of our work. We note that the spin angular momentum is not a hydrodynamic field and relaxes on a finite time scale. Hence the continuum equations derived here reduce to the Toner-Tu model in the hydrodynamic limit. On the other hand, in a polarized flock the time scale over which angular momentum is dissipated due to interaction with the medium can be slower than the time over which rotational noise disrupts the order of the flock. In this case angular inertia is important and the system can support spin waves that propagate turning information through the flock. By studying the continuum equations analytically and numerically, we identify a new type of dynamical pattern consisting of polarized, coherently spinning bands and flocks and characterized by large fluctuations in the spin current. These structures, shown in Fig. 1C -D, are distinct from the well studied polarized bands traveling in a low density disordered background that are found ubiquitously in the Vicsek model (Fig. 1A) . The onset of these emergent structures is signaled by the instability of a propagating wave that controls the scale of correlated turning of the flock, referred to as spin-wave instability. We construct a phase diagram in terms of angular inertia and alignment interaction. The numerical onset of emergent patterns correlates well with the results of the linear stability analysis (Fig. 2) . Microscopic Model. Our starting point is the continuous-time model of inertial spins proposed by Cavagna et al. [1] , where N point particles in a twodimensional box of area L 2 , with average number density ρ 0 = N/L 2 , interact via a pairwise aligning interaction. Each particle is described by its position r i and the direction of its velocity, identified by an angle θ i (or a unit vectorê θi = (sin θ i , cos θ i )). The dynamics of the i-th spin is described by
with r ji = r j − r i , v 0 the self-propulsion speed, s i the spin angular momentum and χ the spin moment of inertia. The polar aligning coupling of strength γ is given by F (θ, r) = sin(θ)/(πR 2 ) if |r| ≤ R and zero otherwise, with R the range of interaction. This form of the interaction used before in the literature [15] allows us to make analytical progress in the derivation of the continuum equations. The form of the latter is not, however, expected to depend on the specific form of the interaction. Finally, η is a friction and describes the strength of the angular noise, with ξ i (t) a Gaussian white noise with zero mean and unit variance.
On time scales large compared to the relaxation time τ η = χ/η, one can neglect the time derivative on the left hand side of Eq. . Although the spin angular momentum is not conserved due to friction with the medium and relaxes on time scales τ η , in a polarized flock with τ η τ > τ γ such a dissipation is much slower than the time scale over which alignment is disrupted by orientational noise. A generalized hydrodynamic theory incorporating spin dynamics is therefore relevant in this regime [1] .
Derivation of Continuum Equations. Following standard methods [16, 17] , one can obtain the noise-averaged Fokker-Planck equation associated with the microscopic dynamics described by Eqs. (1) and (2), as
is the probability density of particles at position r, with velocity in direction θ and spin s at time t, and
is the aligning torque. For simplicity we have assumed F (θ, r) = δ(r) sin(θ).
We describe the large-scale dynamics of a few coarsegrained fields that vary slowly relative to microscopic time scales. For polarized flocks in addition to the density, ρ(r, t), of active units and their polarization current density, w(r, t), we include the spin angular momentum density, S(r, t). These are obtained from the probability density P as
To derive the continuum equations, we note that in the absence of interactions and self-propulsion, the steady state solution of Eq. (3) has the form of a Maxwell-like distribu-
, with an effective temperature k B T ef f = /η. In a thermal system the rotational noise and the friction η would be related via the fluctuation-dissipation theorem, with = ηk B T . Following established methods [18] , we then expand the probability distribution function in terms of a set of orthonormal functions
where {φ n (s)} are related to Hermite polynomials H n as
This yields a hierarchy of equations for p n (r, θ, t), given by
where
The torque τ only depends on the zero-th order moment, with
. Again, for times long compared to χ/η, a closed equation is obtained by retaining only the zero-th order moment. To include the effect of angular inertia, we construct closed equations for the angular probability distribution density c(r, θ, t) = p 0 (r, θ, t) and the associated rotational current density j(r, θ, t) = p 1 (r, θ, t), by neglecting ∂ t p 2 in the equation for p 2 and assuming p n = 0 for all n ≥ 3. The equations for the Fourier amplitudes of the first two moments, c k (r, t) = π −π c(r, θ, t)e ikθ dθ and j k = (r, t) π −π j(r, θ, t)e ikθ dθ, are given by
where ∇ = ∂ x + i∂ y , ∇ * = ∂ x − i∂ y and we have introduced an effective friction
The only nonzero amplitude of the chosen interactions are F ±1 = ±iπ. The low order Fourier coefficients are simply related to the hydrodynamic fields defined in Eq. (4), with c 0 (r, t) = ρ(r, t), c 1 (r, t) = w x (r, t) + iw y (r, t) and j 0 (r, t) = S(r, t).
Finally, we generalize the closure described in Refs. 11, 19 (see Supplementary Material) to obtain a closed set of hydrodynamic equations for ρ, w and S = Sẑ. To first order in gradients and neglecting higher order terms in the fields, the equations are [29] .
incorporates nonlinear convective terms. The various parameters are
,
Terms of higher order in gradients include diffusive currents D ψ ∇ 2 ψ for ψ = (ρ, w, S) in each of Eqs.(8-10) which will be added phenomenologically in the numerics for stability and a "polarization torque" Ω 5 w × ∇ 2 w in Eq. (10) shifts the phase boundaries discussed below without changing the nature of the instabilities and leads to the propagating "second sound" discussed recently in Ref. [20] . These higher gradients terms have not been calculated from the microscopic model.
Equations (8) (9) (10) ) augment the flocking model of Toner and Tu [12] by incorporating the dynamics of the spin current. We expect these equations will provide useful to describe a number of active systems where collective turning controls the large-scale dynamics. The most important coupling between polarization w and spin current S is provided by a "self-spinning" term S × w that couples the center-of-mass motion to the turning dynamics. In contrast to more familiar systems of passive rotors [21, 22] , in the self-propelled particle model considered here these two degrees of freedom are coupled because the spinning angle also control the direction of translational motion [1] . Finally, when S is neglected, Eqs. (8) (9) (10) reduce to the Toner-Tu equations as derived by Farrell et al. [15] (but in the case of constant self-propulsion speed) [30] .
Steady States and Linear Instabilities. The homogeneous steady states of the system have ρ = ρ 0 and S = 0 and are not affected by spin dynamics. They are an isotropic state, with w = 0, and a polarized or flocking state, with w = w 0x and w 0 = −α 0 /β, where α 0 = α(ρ 0 ) and thex axis chosen along the direction of broken symmetry. The isotropic state is stable and will not be discussed further. We examine the linear stability of the polarized state by letting w = w 0x + δw, ρ = ρ 0 + δρ, and S =ẑδs and introduce Fourier amplitudes (δρ, δw, δs) = q (ρ q , w q , s q )e iq·r+σt to obtain a set of linearized equations in Fourier space. Longitudinal mode. We first study the dynamics of fluctuations that have spatial variations along the direction of broken symmetry by letting q = qx. In this case, w y q and s q decouple from ρ q and w x q . The coupled dynamics of spin and orientation (bend) fluctuations is governed by a stable relaxational mode σ s (q) = −η/χ + O(q) that describes the dissipation of spin angular momentum, and a propagating mode with dispersion relation
where Ω = Ω 1 Ω 
which holds when τ γ < τ τ η . In this limit, the most unstable mode has a wave number q c ∼ η/χ w0Ω , which sets a characteristic length scale for the rotationally correlated flocks. This instability is a new result of our work and will be referred to as spin-wave instability. The spin wave is a unique feature of the present model. It arises in polarized flocks from the interplay between the elastic restoring forces associated with bend deformations and angular inertia, provided the dissipation of angular momentum is slow compared to angular noise and alignment interaction. For large inertiaχ, the amplitude of the spin wave grows signaling the onset of complex spatio-temporal dynamics, as confirmed via the numerical solution described below.
The coupled linear dynamics of fluctuations in the density and the magnitude of polarization (w . This corresponds to the banding instability of the Toner-Tu model, discussed extensively in the literature [19, 23, 24] . It arises from the density dependence of the polarization damping α(ρ) and sets in right at the onset of the polarized state [19, 24, 25] . Transverse Mode. Next we consider the dynamics of fluctuations with spatial variations transverse to the direction of broken symmetry, corresponding to q = qŷ. In this case all four equations are coupled. Two of the modes are stable and relaxational. The other two modes have dispersion relations σ t± (q) = qA −1/2 ± O(q 2 ) and are unstable when
This transverse instability is also present in the Toner-Tu model deep in the polarized state [24] .
Minimal Model To gain physical insight on the origin and physical meaning of the instabilities, we neglect all non-linear terms other than S × w and [α(ρ) + β|w| 2 ] w, which control the self-spinning and phase transition, respectively, obtaining a minimal model that exhibits all linear instabilities discussed above. For numerical stability, we add the diffusive currents, with the result
. It is convenient to introduce two dimensionless parameters,γ = τ /τ γ = γηρ 0 / and χ = τ η /τ = χ η, controlling the strength of alignment interaction and inertial effects, respectively. The overdamped limit corresponds toχ → 0. In this simplified model the conditions for the onset of the banding and spinwave instabilities become 2 <γ < 4(1 − 2D) andγ > 2 + 
We have solved numerically Eqs. (13-15) on a 100×100 grid, with grid size 0.1 and periodic boundary conditions. The integration is carried over 200000 time steps, with each time step 0.01. The system was initialized in the polarized state with small superimposed perturbations. The results are summarized in the phase diagram of Fig. 2 , together with the results of the linear stability analysis. Only values ofγ above the mean field transition to the polarized state are shown in the phase diagram. The diamonds in Fig. 2 correspond to the onset of spatially varying states identified with mean density fluctuations ∆ρ > 0.01, where ∆ρ = < (ρ(r) − ρ 0 ) 2 >/ρ 0 and the brackets denote a spatial average over the system. Similarly, the squares correspond to the onset of spin waves measured by spin fluctuations ∆S = < (S(r)− < S >) 2 > > 0.02. These criteria are in good agreement with the boundaries of linear stability.
Summary We have derived continuum equations that generalize the Toner-Tu model of flocking to incorporate turning inertia by coarse-graining the active inertial spin model proposed recently by Cavagna et al. [1] . The interplay between rotational inertia and bending elasticity of a polarized flock provides a mechanism for the propagation of turning information through the flock in the form of collective spin-wave excitations. These effects are important when the spin relaxation time is comparable or exceeds both the time scales controlling alignment and orientational noise. At large inertia, a novel spin-wave instability signals the transition to flocking states with complex spatiotemporal patterns consisting of continuously turning and swirling flocks. The numerical solution of the nonlinear equations supports the finding of the linear stability analysis, but more extensive numerical work will be needed for a complete characterization of the phase diagram. Our work is also relevant to the understanding of the role of internal degrees of freedom in active systems, as recently explored for instance in the context of synchronization by coupling active dynamics to an internal phase [26] [27] [28] .
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SUPPLEMENTARY INFORMATION: DERIVATION OF THE HYDRODYNAMIC EQUATIONS
The Fokker-Planck equation for the one-particle probability density P (r, θ, s, t) associated with Eqs. (1) and (2) of the main text is given bẏ
where τ (θ, r, t) = −γ π −π dθ F (θ − θ)p 0 (r, θ , t) is the torque. We have assumed local interaction F (θ, r) = δ(r)sin(θ) and defined p 0 (r, θ , t) = s P (r, θ, s, t). To make the notation more compact, we define the FokkerPlanck operator as
where L rev and L ir represent the reversible and irriversible part of the Fokker-Planck operator respectively, and we have introduced the steady state value of the spin s ).
Following standard methods [18] , we transform the Fokker-Planck operator by multiplying it from the right and the left by φ 0 (s) = P 0 (s), respectively, with the result
where b + and b are creation and annihilation operators, respectively.
D andD are the differential operators, with the latter containing the information of the interaction,
The normalized eigenfunctions φ n (s) of the operator
Finally, the φ n (s) are related to the Hermite polynomials,
We now expand the probability distribution function in terms of φ n (s),
and we insert the expansion into the Fokker-Plank equation,
where the Fokker-Plank operator is obtained after an inverse transformation, as
Using the properties of the operators and the orthogonality of the Hermite polynomials, we obtain a hierachy of equations for the moments p n (r, θ, t),
where D t = ∂ t + v θ · ∇ is the material derivative. Explicitly, the equations for the first three moments are given by
The first three moments are related to the probability density c(r, θ, t) of finding a particle at r, with velocity directed along θ at time t, the spin current j(r, θ, t) and the reduced spin energy densityē(r, θ, t) as c(r, θ, t) = p 0 = ∞ −∞ P (r, θ, s, t)ds ,
j(r, θ, t) = s 0 p 1 = ∞ −∞ sP (r, θ, s, t)ds ,
e(r, θ, t) = s 
To obtain closed equations for c and j, we set D t p 2 = 0 for times long compared to χ/2η, and let p n = 0 for n ≥ 3.
We then eliminate p 2 in favor of p 0 and p 1 to obtain closed equations. The equations for density and current are then given by 
The goal is to obtain closed equations for the number density ρ(r, t), polarization density w(r, t) and spin current S(r, t), which are the conserved, symmetry-breaking and relevant dynamic variables in the flocking system, respectively. Generalizing the method described in Ref. [19] , we introduce the angular Fourier transform of c and j as 
which are related to ρ(r, t), w(r, t) and S(r, t) by ρ(r, t) = c 0 (r, t) , S(r, t) = j 0 (r, t) , (45) w x (r, t) = Re[c 1 (r, t)] , w y (r, t) = Im[c 1 (r, t)] ,
whose dynamic equations are
where ∇ = ∂ x +i∂ y , ∇ * = ∂ x −i∂ y and F ±1 = ±iπ. We have introduced an effective friction η k = η + k 2 χ/η 2 . Explicity, the equations for c 0 , c 1 and j 0 are given by
